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Abstract

With the enforcement of the Law on Provisional Measures relating to the Fishery
Zone on 1 July 1977, Hydrographic Department has been charged to prepare charts showing
the outer boundary of the zone, which, in general, extends 200 miles (370.4km) from the
coast of Japan, or to the median line with neighbouring country for the part of the 200-mile
boundary lying beyond the median line. For this work, it was decided to employ Schreiber’s
method to calculate the positions of terminals of the 200-mile geodesics, because the method
had been widely used in geodetic surveying on land and had been rewritten in a concise
scheme by K. Harada. Although the accuracy of Schreiber’s method, which is substantially
to be applied for short length, decreases rapidly for longer length, the method may be regarded
as applicable to the calculation of the 200-mile geodesics, because of the inferior accuracies
of position fixing methods at sea comparing with those on land. Calculation was made at
Astronomical Division of the department using the programme prepared by A. Senda of the
division. He further calculated reversely the geodesic lengths by applying Gauss’ median
latitude method and obtained them to be 370.4000 km exactly in all cases for latitudes
between +20° and 50°.

In the present paper, the accuracy of the Schreiber’s method is evaluated through (a)
investigation of error sources in the Schreiber, and (b) comparison of the calculation data
concretely with those by two other methods which are based on entirely different principles
with each other; they are Legendre’s method for short distance and Helmert’s method for
long distance. It is remarked that the principle of the Legendre’s method is quite simple
without any assumption or approximation which may cause ambiguous calculation errors,
although the methods has a defect of slow convergence which becomes serious for longer
distance and higher latitude. ’

Main error sources of the Schreiber’s method are (i) approximation by the spherical
excess to calculate the Soldner’s coordinates of the geodesic terminal, and (ii) omission of
higher terms in applying the Legendre’s expansions. Formulae for calculating the Soldner’s
coordinates on the spheroidal surface are presented (eqs. (16), (17), (18)], together with
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formulae for estimating the Schreiber’s error due to the spherical excess approximation, (eqgs.
(19), (20)). Correction formulae for the omitted highér terms are also derived [(egs. (21),
(22), (23)}by making use of Tables 1 and 2. Then, the error of the Schreiber’s method
are estimated for the 200-mile geodesics (Figs. 2 and 3).

Maclaulin expansions [egs. (8) to (13)) in the Legendre’s method are extended to
the 6th order completely and down to terms of %2 in the 7th order both for latitude and
longitude. (Symbols in the text are those commonly used in geodesy, except for the 2nd
eccentricity for which, instead of ¢, % is used in order to avoid confusion with e.) They are
presented in Table 1, in which terms are arranged by functions of latitude ¢, rather than
by those of azimuth « as adopted in the textbook of Jordan-Eggert-Kneissl (e.g. 10th ed., 1959,
abbreviated JEK), so that the character of the Legendre’s method can be perceived clearer.
Individual contributions of the respective terms in Table 1 to the evaluation of latitude and
longitude of the geodesic terminal are illustrated by example in Table 2. The Helmert’s
formulae have been modified slightly for convenience of practical use.

Programmes of the Legendre’s and the Helmert’s methods were prepared by Y. Harada
of Astronomical Division. In his programme of the Schreiber, Senda replaced the calculation
scheme of the Soldnet’s coordinates by eqs. (16), (17), (18) and added the corrections given
by eqs. (21), (22), (23). Thereupon Harada made calculation of the First Problemn by the
methods of Legendre, Schreiber, modified Schreiber and Helmert. At first the Standard
Examples in JEK were tested to obtain reasonable results. Positions of terminals of the
200-mile geodesics have been calculated for the initial latitudes between + 10° and 70.
Discrepancies among the calculation results are partly presented in Table 3. The Legendre and
the Helmert agree well with each other except for higher latitudes. Whence disqrepancies
between the Schreiber and the Legendre agree well with those between the Schreiber and
the Helmert except for higher latitudes. In Fig. 4 the former discrepancies are shown. The
estimation method of the Schreiber’s error through egs. (19), (20), (21), (22), (23) is
verified by the fact that the sums of the error in Figs. 2 and 3 are very close to the errors
shown in Fig. 4. Even at ¢=+50° the error in position by the Schreibetr does not exceeds
+20cm. Since Japan lies between the latitudes of +20°6 at Oki-no-Tori Sima (Parece Vela,
Douglas Reef) and +46°6 at the northern extreme of Etorohu Sima, the Schreiber’s method
can be safely applicable to the calculation of the 200-mile boundary with too much accuracy

for practical use in Japan.
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Table 1 Legendre's expansion for the First Problem

a, Latitude

No.| n |2m A(a) B(¢) Max(a)
01110 + 1cosp 1 2/1E+5
201 9 0| — 1sin®a tan ¢ 1.0OE+5
221 2 — 3 cosia sinpcos ) 2.1 +5
301 0 — 3 sin%a cos a tanzp 4.0E +4
302 0 -1 1 1.3 +4
321 3 2 +10 + 6 costa sinZp 1.4 +3
322 21 —1 — 1 6.9 +2
341 4 +15 cos2p 2.3 +1
342 4 —18 costep 2.8 +1
401 0| + 3sinta —12 sin%a cos?a tande 2.6E+4
402 0 +1 — 8 tan ¢ 1.5 +4
421 21 —9 +18 tan ¢ 52 +2
422 4 2 +10 + 8 +12 costa sin ¢ cos ¢| 6.9 +2
441 4 —124 —114 sindp cos ¢} 4.4 +1
442 4 + 34 + 69 sin o cos | 2.7 +1
461 6 —162 sin®p cos®p| 4.2 —1
462 6 + 57 sin ¢ cos®p| 1.5 —1
501 0 | -+45sin‘a cos @ —60 sin®a cos’a tantp 1.7E+4
502 0| +30 - —60 tanzp 1.4 +4
503 0 +1 ~ 8 1 2.4 +3
521 2| —90 +90 tanzep 2.4 +2
522 2| +16 —72 —24 cosba sin%e 2.8 +2
523 2.1 + 2 +18 +12 1 1.4 +2
541 4 | +328 +768 +552 ' sinip 43 +1
542 | 5 | 4 | —104 —828 —588 sin%ep 4.6 +1
543 4 |+ 1 + 60 + 81 . 1 6.3 0
561 6 +1888 +2112 sintp cos?e| 1.1 0
562 6 — 872 —1608 sin%p cos®p| 8.4 —1
563 6 + 34 + 126 cos’p| 6.6 —2
581 8 41944 sinte cos¢| 6.8 —3
582 8 —1056 sin%p costp| 8.7 —3
583 8 +. 57 costpl 2.0 —4
601 0 | —45sinda +540 sinta cos?a —360 sin%« costa tanse 1.3E+4
602 0| —30 +540 —480 tandep 1.3 +4
603 0] —1 + 88 —136 tan ¢ 4.3 +3
621 2 +90 —945 540 tan3ep 1.7 +2
622 2| —18 - +219 + 12 tan ¢ 55 +1
623 2| +16 —360 — 64 —48 cosba | sinpcos | 1.1 +2
641 4 | =225 +1350 — 675 tan ¢ 29 0
642 4 | +328 +2160 +4944 +2424 sin®p cos ¢} 3.1 +1
643 6 4 | +224 —1896 —1356 —1308 sinpcos ¢ 1.7 +1
661 6 ~9272 —26560 —18744 sinSp cos ¢| 1.6 0
662 6 +4864 +27860 +-22380 sind¢ cos ¢ 1.9 0
663 6 — 317 — 4450 ~ 5211 sin ¢ cos | 4.5 —1
681 8 34264 —43008 sin®p cos’p| 2.5 —2
682 8 +22424 +40248 sinde cose| 2.4 —2
683 8 -+ 2335 } — 6690 sin ¢ cos®e| 3.9 —3
6X1 10 —29160 sin®p cosbp| 1.1 —4
6X2 10 +21504 sindp cos®p| 8.4 —5
6X3 10 — 2739 sin ¢ cos®¢| 1.1 —5

’
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Table 1 Legendre’s expansion for the First Problem (continued)
Latitude (continued)
No.| n |2m Ala) B(ep) Max(a)
701 0 | —1575 sin®a cosew +6300 sin‘a cos*a—2520 sina cos’a tan®e 979E +3
702 0 | —1575 +8400 —4200 tantep 1.2 +4
703 0| — 273 +2604 —1848 tan2p .8 +3
704 7 0|— 1 + 88 — 136 1 54 +2
721 2 | +283 —10395 -+3780 tantep 1.2 +2
722 2 | —4272 — 168 +1176 tante 2.8 +2
723 2 | +4680 — 1168 + 624 496 cos’a sin2¢ 3.0 +2
724 21— 0 - 53 — 188 —48 1 1.3 +1
b. Longitude
No.| n |2m Ala) cospB(p) | Max(a)
1011 0] +1sine 1 2"1E+5
211210 + 2sin a cosa tan ¢ 1.0E+5
301 0| — 2sinda + 6 sina cos’a tan2ep 6.9E +4
302 3|0 + 2 1 2.6 +4
321 2 + 2 cos?p 1.8 +2
401 0 | —24sin®xcosa +24 sina cos’e tandp 52E+4
402 0 - +16 tan ¢ 3.9 +4
1|4 2] -8 + 8 singcos | 1.2 +2
441 4 — 8 sin ¢ cos’p| 1.0 0
501 0| +24sinda —240 sin®a cos?a +120 sina costa tantp 4.1E+4
502 0 + 8 —160 +120 ‘ tan2ep 4.5 +4
503 0 - 8 + 16 1 7.0 +3
521 2 + 8 — 88 + 24 sinZep 1.3 +2
522 5 | 2 ~ 16 + 24 6.8 +1
541 4 — 64 + 24 cos*ep 7.3 —1
542 4 + 56 — 24 cos?p 6.2 —1
561 6 — b6 cosbop 8.4 -3
562 6 + 48 costop 7.2 -3
601 0 | +720 sin®a cosa —2400 sinda cos®a+720 sina cosda tansy 3.4E+4
602 0 | +480 —2400 +960 tandp 50 +4
603 0|+ 32 — 416 +272 tan ¢ 1.6 -+4
621 2 | +336 —1248 +336 tan ¢ 1.4 +2
622 2 | —272 + 624 — 64 gin o cos ¢ 9.6 +1
641 | 6 | 4 | —176 + 624 — 96 sin®p cos ¢| 5.8 —1
642 4 | + 32 — 96 sinpcos | 3.2 —1
661 6 — 736 — 32 sin’p cos®p| 8.4 —3
662 6 + 208 + 80 sin ¢ cos’¢| 3.4 —3
681 8 —560 sin’p cos®p| 8.5 —5
682 8 +176 sin ¢ cos¢| 2.7 —5
701 0 | —720 sin"e +15120 sin®a cos?a —25200 sin®a cos*a+5040 sina costa| tansy 2.9E +4
702 0 | —480 +15120 —33600 -+8400 taniep 5.3 +4
703 0|~ 32 + 2912 —10640 +3696 tan2e 2.5 +4
704710 + 32 — 416 + 272 1 2.1 +3
721 2 | —336 + 8736 —15120 +2688 tan2ep 1.4 +2
722 2 | +272 — 4320 + 3648 — 160 sinZe 7.7 +1
723 2 + 96 — 1040 -+ b44 1 2.8 +1
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Explanation of Tables 1 and 2.
Given quantities: ¢;, 4;, «;, s. Quantities to be obtained: ¢, 25 (See Fig. 1)

Maclaulin expansions by s at ¢;, 2, are:

¢2_§01:271~T(%>n T/"+2Fn, ( i )
Fa=2tmA(p)+B(p),
P - z;_’},w(%)“vncn, (i)

Ga=2*nA(a)B(p)
wher m is 0 or positive integers.
Table 1 presents each term of F and Ga. First figure of column 1 (term no.) stands for
n, and the second figure for the power (2m) of A 3rd to 5th columns are components of Fn or
Gn. E.g., term no. 643 for latitude should be read as:
h#(224 sin®a—1896 sinta cos?a— 1356 sin%« costa—1308 costa)sin ¢ cosyp
The last column lists possible maximum values of A multiplied by A2%/x! in the unit of arc second.

Individual contributions of respective terms to the evaluations of ¢, and 2, can be estimated

o [ ] (23]

Table 2 gives examples of this estimation, V?»*2 for latitude and V" for longitude have
been multiplied to the above product respectively, although we may regard as V=1 practically for
the present purpose. From the table, it is found that, for example, when we want to calculate ¢,
and 2, with an accuracy of * 17 in a case of s=200 miles and ¢,;=-+50°, we may take terms Nos.
101, 201, 221, 301, 302, 321, 401 and 402 for latitude and terms Nos. 101, 201, 301, 302, 401 and 402
for longitude. In a case of s=1000 km and ¢,=-+70°, we cannot expect accuracies of +0/1 in

latitude and + 0°1 in longitude, even if we take terms down to 7th order.

Table 2 Maximum values of each term in Legendre’s expansions

(unit: second of arc)

$=370.4km $=1000km
No. @ +200  +50° +70° @ +200 450 +70°
101 2+t tizE+d 1T2E+h | 33E+4 32E+4 32EB4n
201 13E+2 b41E+2 95E+2 93E+2 3.0E+3 6.9E+3
221 2,3 0 3.4 0 2.2 0 1.7 +1 25 +1 1,6 +1
301 10E 06 11E+1 5.8E+1 20E+1 22E+2 1.1E+3
3 302 2.6 o 2.6 0 2.6 0 54 +1 5.4 +1 51 +1
2 321 3.2 -2 1.6 -1 24 -1 64 -1 3.2 0 k7 0
3 322 14 -1 14 -1 13 -t 2.7 0 2.7 0 2.7 0
3 341 40 -3 1.9 -3 5.3 -4 8,0 -2 3.7 -2 1,0 -2
342 43 -3 93 -4 74 -5 84 -2 1.8 -2 1,5 -3
401 1 E-2 WLI9E-1 60E O 7.5E-1 26 E+1 3.2E+2
402 64 -2 2,4 -1 47 -1 3.4 0 1. +1 2,5 +1
L2t 22 =3 7.0 -3 1,6 -2 114 -1 37 -1 85 -1
422 2,5 -3 3.9 -3 25 -3 1t -1 21 -1 13 -1
by 1.9 -5 10 & 1k b 10 -3 7.7 -3 7.5 -3
L4z 9.8 -5 1.5 -4 972 -5 52 -3 7.9 -3 5,1 -3
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Table 2 Maximum values of each term in Legendre’s expansions. (continued)
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P.F OESW Yy Thb. Zhoi20TAY v Y FAVOERABEHTSCEICE->T, T e BBON,
BB @ LDEHETES. COFETREEERZCR LB LIENVY v+ Vv FLOEB LD R ZDIDN
ik > TP, ONESEONEDOTH S, ROFEE JEK © 954961 ~—, [FPil183—188<—¥, #ff
B16—19— VI L TH 2, FEELHBERAMPRAEL TBY, FROFEICRGEORNEH > ~&hRRT
. FificHhc k5K, FRREHEORMCHERRLETERESHLT BUHLBBICE LD TS Th
EIFH2AR—Vip b BT (FHROMOBEFEZZRL BV TI L IIC, FKBEHETYD).

Schreiber’s Solution for the First Problem

(rewritten by K. Harada)

. a
Ny= (1—e*sin?p,)1/2

$=htcostp;, Vi=1l+9i, H=tan g,
41 —e2
:_}Q(_]“L)sz Sin @y CoS ay
2a?

X=$§ o8 a1+%es sin a;, y=ssin a;—%es cos a;

ep—p1 . X 3 & o 1 oy 1 &,
% N N 7t 5 N“ 7 (A—1%) + 5 N ity (1)
. a

Np= (1—esin?py)1/2

Dh=hicostpy, Vi=1+7%, tr=tanPr

(Zgﬁll)cosgﬁlﬂ:’]&—lp‘”‘—é‘ ]3\)]3 l‘z,+~11? Ny 15 (14383 ()
@F:—%—£;%+i~N4b@H&Mrﬂﬁﬁ) )
= gL tr (1205475 + L P4 (1+2015 2424

N6 zva r 77190 1v5 r HAL)

as=0a;+180°+y—e

200 #EUKIBOBABOHEICE, coFBARORXNEHN2CLE LT, KEPHRBROWHERPEARN S v
75 AEEDHEEET L. SOIMBRE, CORBEELT Bohk P, OMEEEE P & OBOE!
s &, Hy2oREEE (JEK962—973 <—¥, Fi189—195 R—2) i k-» THAE L. (tEoE
A, ;= +20°~50°, a=0°~180° i DT, TXT $=370.4000 km T&H - 7z.

ZLTYadAN—DHEOREIODNTELDL. BRERELTD ¢, L OHEKAETNAEEOCERLE L
Ty (1) YA F RV x, y OHECEY 532, BEO () Pp, Ly g OFEICHT 2HENS 3.

(1) Licigdicx 310y OfBEREE (Kl FPBAAHE LOBEM =K PP.F R2REEA=AE
IZ X - CGESL, CONREEAZACEEEEICHET 2 0P« ¥ KO FEEABR L CEE =AY,
CORHEZAFE T4 7 —ERCL - TR, LV =208BERTTRERLEN. Zhb0BRERNS
NHEZAFSHEROERECENTHHUNSOBEIIOSERTE 50TH Y, s MdhiElkcE 5 &b
{755

3P, Py FRBUZHBNEEOMEKE K, K, Kp &1L, v F 3 vEEE
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2

£=5Co8 a; +4§ sin? a; cos @ 3K‘+2[§2+3KF + fs‘ (Qayt—ady?) 4-ooeee a4
2

y=s sin al_s_asin ay cos? @, 2K+ K, Ky n K (wty —8A2y3) 4 overe (15)

6 4 120
Kk ->THbaNhsd (JEK899<2—). —ftic K=V Th3. WRIBOT, s/c<0.1 OBAICIE

90_[:9)1'*‘—?—0030'1 (16>

ZboTop BEY @ BIPL, POALDOEEIHICONT VEL, ¥5scosay, y=ssinay ERRBTC
ENTED. ZOHE

3
X=3 COS a+~—214 iz sin%a, cosa, 3Vi+5VH) +—115 ——i (2 sin*a, cos a;—sin?a; cos®a;) an
y=ssin a—L S gip arcosta(Vi+VH +- L i(sin @, costa; —8 sinda, coslay) (18)
12 ¢ 120 ¢t

COMFRIC & » THHROE X v, y PEHETE 2.
VasAnN—pERIcLB x, ¥y EAT), UITLB x, ¥y LDFEE dx, dy L1, TOBEEICX->TETS
o, Ao DBRFEE do(e), 42(e) &EL{. N=c/VTH2BM5 (1), (D) Rick-T

do(e) = dx/c, 42(e)cosp=4dy/c
ERBTCENTE D, Ay, dy ERICHETHE

Ap(e) =_2_112<%>4sin2m cos?a; $in ¢; o8 @y ~—11? (—%)5(2 sinta; cos a;—sina, cosday) 19)
A42(e) cosp= —%—h?(%)l’sin a; cosda; sin ¢, cos ¢, — 1%0 <%>5(sin a, costa,—8 sinda; cos?ay) (20)

s=370. 4km DIBAICH T B T 15 DEEEE 2 iR T

(1) ke k ok, Yas4—0HFREVY v ¥ FLORBIKEBOT, a=0° & LT r—9¢ 2K
W, a=90° LT A—4 BLU $.—¢r 25HETE. VY vV FNOBHOKIEID sinfa cosrIa 25 AT
WEH6, i=0% i j=n TERVRYEHT 3.

THOEE1RalLBOT, s=v a=0° EBHE, 4KEFTTTESES O Nos. 101, 202, 321, 322,
341%, 342%, 422, 441%, 442%, 461%, 462* O coste DIESSFTH 5. WEABEEAETHEHEF, ChoOHED
I *EFUTHRVIER L > TY 2 54250 (1) AP >TH 2 EMBBER DM, 75 ROEH
i cosfa ZEEIR. Lichi-T (IR, BELPORSRETOEIHEL L RETD M2 DIHETTHRL
EFTnazlicins. #2%5RNE Nos. 441 PIFOHOBEBRBNTE S 2 Edbh s, 2hT (DR
HiNos. 341, 342 #R T Lic k2 Pp DEEE Adp (1) 5. COBERZDEE @ IKBNB.

DERETIEDICBNT, s=y, a=90° LB, 6KEETH->TH Nos. 101, 301, 501, 502, 521*
O sinte QIFEFZPFMEEES. Y2545—0 (1) REF O BFHO AT > THER SN TS, L
Lo 2 A RAUS, BHEOBAIC T ROEHE THATL 2 TROSB 2 ¢ Lishbhs. ThT (1) RS
Nos. 521, 701, 702, 703 /R C &ic k3 2 O#FEE (L) &7 3.

A 1 Raicb T, s=y, a=90° LB, SRETTHEEIEAEIT Nos. 201, 401, 402, 421,
422 @ sinra DERFTHY, MDHRBCOSHICE - THRShTVE, E2HE2RANT, BRETI6R
DOEHSEN T 2TJREEN S 5. (1) HAS Nos. 601, 602, 603 2R CEick b @ DE3EE do(M) &
T 5.
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+ 07005
Figure 2

Schreiber’s error
for the 200-mile
geodesics due to
the spherical

excess -

Ap(e)

approximation in 0.060
the calculation

of the Soldner’s
coordinales: eqs.

19), (20).

(Curves for other - 0,004+

latitudes lie
between the drawn + (7002~

two curves.)

. S
- m

. s .

0.000 : 7 S —— S

- 0.001

Figure 3

Schreiber’s error

+ 0001 \

for the 200-mile

geodesics due to

0.000 .M
- 0.001 4948

the omission of § o
higher. terms in + 0.0101
the Legendre's
expansions: egs. N
@n, 22, @3). -
(Curves of 4y (I) -
for other 0,005 -
latitudes lie
between the drawn
curves. Curves of
4p(IM) and I~
42(T) cosyp for -

lower latitudes

Ap(Il)

"60 o

¢4

i
180°

lie below the 0°

drawn.curves.)

+ 07002

30° 60°

AA(T)cos ¢

80°

120°

150°

44

180°

0.000
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PR BF hIie v o 54 N =D - TEbd R ST

_de(T) 1 X N
s () nta—sm 1)
— (M) cospp= ~%< ZQ;F )sy/zezF —%(%)7t4p(2+3t%a) (22)
_ Ade(In) 1 Y\ 2
o _48_(?1") 1, (24+31%) , (23)

5=370. 4 km DB/ B 2 bDEONEEE L b0EEIRIIRT. CheE 2REaEd 00,
200 M EHHHRE ¥ 2 5 4 N—DOFETHEL LBADRETH 2.

BETNE, WIERE - BREOCBEAIK Y 2 54 N —0EEF S IE, 16), AT, U8 iKk-Tx ¥ %
FEL, (I), (D), (D Rczheh @1), 22, @) A2MAz. 2o rs 74 bMBRAERL

@)~ bDOFE .

CNRRIEHEATH > T, JEK 9881018 ~— VICEL (BIILTH 5. [FBl, MANIC@fh Tiw. JEK
ORT R OFENTIEATH D, ARNOFEORBICBOCHRETH - LidEMNZOEEHV T
50T, HEOEFCHDOTEbOLL. ThTRBsAT, FHRbELMHL b0 TIRT. £0
HEATHABZMETELL T 2h 5, FEEAEORD (F3BE) K-S L&’ P, Py Py,
Py, Qi @ @, Ry, Ry it p”"=206 264.806 (¥ 7213 p°=57.205 779 5) ZF LN 5. JEK
RO TH 2505 & OB EEHEROBICRT.

Helmert’s Solution for the First Problem
Given quantities: ¢, 4, ai, s
Quantities to be obtained: ¢,, 2, s
(In the sheme, always calculate the quantity in the left-hand side from those in the right-hand
side. Angles are expressed in the unit of radian. When angles are calculated in the unit of
second (or degree) of arc, P, P, P5 Py, Qi, @, @, R, R;should be multiplied by p”=206
264.806 (or p°=57.295 779 5)).

1. tang, = VI—ettang, ¢1 takes same quadrant as ¢
2. COS(ﬁm = sina';cosg/ll 0< ¢m S*-g—
tang; s_%rsl%l ’%ﬂgﬂlész when Sa;é% and ¢=>0
7t<al<_g_7t ” ” ” ¢ <0
—S—éalg I —g— <o <rw ” $<0
Ogalg_;‘_ ” ” ” ¢=>0
cot L;=—tan a, sin ¢, ‘ L, takes same quadrant as o,
3. tan E=F sin ¢m osngg
E
K —tant( )
an(—5
1-K K 3 1 K K
P=—2"2" | P= - 2 K Pp=— ==
1 1+r1yf2_ ) 2 9 16 3 3 16 3 4 48

4
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1 9 s 5 2 29 ye3
K——2 K = K = bV
= ( 16 ) Q=g Il Q=—gg K
t =0,+P; ‘Z + P, sin 201+ P, sin 40,4+ P, sin6 g,

o2 =1+, sin 2t+ @, sin 4¢+Q; sin 6¢

4. tanL, —M
' CoS ¢m

sin ¢,=cos o, 8in Pm

tan ¢,
vi—e

tan Pa=

cos az= —tan o, tan ¢,

L, takes same quadrant as o,
T b3

T <
2 <o 2

@, takes same quadrant as ¢,

0 SaZS—g— when n<0,<2n

% @< 7 0L0 <
5. 20=0;+0,, do=0d,—0,
K K &2 e* .
R=—_ — R="_"K Ry= K :
! (1+n - 1 ), =1 T 7 : 3rd flattening

A2y =Ly—Li—cos ¢m (Rydo— R, cos 20 sin 4o+ Ry cos 40 sin 240)
Identifications of the symbols above with those in JEK: (JEK — present)

L2y =2, W—Ly, 2->Ls ds—s, & —h K—>K
"_P%——)Pl’ Pi - Py, P:’OI = By, i{ - P,

Q. Ql Qa - Qy
20°  p° P P p e°

s> t, ffz SRy, Ro >R,

3. ErEIEDLE

(1) JEK oZ#5IRE

JEK 950<— i3, Sk & REEic >\ TE 1ES>OEMBY TH Y, JEK9MK W/2% 69~—
K3 D 2 80 B PEEREOPIEEIE, WM dHERORBIGELEbh T A, CDIHEKDNT,
BIICRE L A EA LR RRRO LB TH B, CCTAY 4+ Y FAVOHECRE 1 BOTNTOHEE
Fofe MROTETHEY, BHNRKESBICE ST, V2545, 2TOTATY & ¥ FIIGE
ZELRTL S, FIfITHALALIIK, Yad4N—Fa=0° /2 90°E LT, PROEK & - THE

CHEROHDOHREZATED, Lichi-C (16), (A7), (18), 21, (22 KXk-TEELLY 54

SN— CHD 3, BEE - RESTE, B1ERKIBZAY L Y PR D IRBENRL LS.

Standard Examples of JEK

Constants: Bessel, 1841.
a=6 377 397.155 00 m,
b=6 356 078.963 25 m,
¢=6 398 786.849 39 m,

=0, 006 674 372 231 315
h*=0.006 719 218 798 677
7 =0.001 674 184 8
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I. Given: ¢,=+449° 30’ 007, «,=32° 25 2175109, s=132.315 375 km.

(2] Ao—2y
JEK +59° 30" 007 1° 00" 00”
Schreiber 29 59.9999 00. 06000
modified Schreiber* 29 59.9999 00. 06000
Legendre 29 59.9999 00. 0000
Helmert 29 59.9998 0 59 59.9999

I. Given: ¢,=+52° 30 1677, ay,=59° 33’ 0076892, s=529.979 578 km.

P2 ' Aa— Xy
JEK +54° 42/ 5076 7° 06’ 0070
Schreiber - 50.5921 00. 0144
modified Schreiber* 50. 5985 00. 0001
Legendre 50. 6001 05 59.9989
Helmert 50. 5999 05 59.9999

. Given: ¢;=+45° 00’ 007, «;=29° 03’ 1574598, s=1320.284 366 km.

(2] Ap—4
JEK +55° 00 007 10° 00’ 00”
Schreiber 00.5597 00. 4108
modified Scheiber* 54 59 59.9970 00. 0009
Legendre 55 00 00.0247 00. 3946
Helmert 54 59 59.9998 9 59 59.9999

* & and y are calculated by eqs. (16), (17), (18).
Corrections —dp(T), —42(I), —de(Ill) in egs. (21), (22), (23)
are applied to eqs. (I), (1), (I), respectively.

(2 200/ BEER

LOBEREORBICE ST, AP Y F, YVaF4N—, AR OHEREOS b LEETE
25, Chold a IKEEDHER > BATH B, 21T s=3870.4km & LT, ¢1=-+10°~70% a=0°~
180°C DT, €D 3EDOHEL LY 16), (U7, (18), (21), (22), (@) Kk > THIELY a5 43—
DOHEEW > T 0o, 2EHA L DAEORMRKICERT 50 TH 205, HRKICEPED Ny 21 (184D
S, HERRO—FEE IRICGRT. CORMER, 10° T 5 CELOBREIBY AEDERETH -
T, FCHBETH > THRTLORICHICE T AT, Y e v Favdk A v OZGBEICOL
TIHEEH60°E T, BE (cosp ZFT5) KOO TIRBESCE TRER E-HRLEE 2R P 6DPE LI
50° D EEE T, TIREE TR THOMY v ¥ FATRE0/0001OHE B SN, Lk TVa s
AN o WP Y FABIOEE Va4 8= ANV M EIDEBERE—HTE. HARIKEY 25 AN
.wv*yﬁw@®%%%ﬁﬁé.Cﬂﬁ%Z!&%S@%ﬁ%t%@&&&~ﬁ?%C&m,O%,@m,
@D, 22), @VILLBY 254 —DEEOFBHPELOC EERT. Lichio THIELY 2 54 5—3
W e VY FWN, ANANMCEDDTEODLYRDOT ETH 5.

HHE D200 EERGOBAICE, ¢ 3+20°~+50° DM (hOBE 1 +20°4, RIESILE @ +46%6)
KHBDS, Qo e DEEY 25 4A—ORERNICL - THEL TS, 2 OFRKEAETHEET 07006, BHEH
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TO002TTH b, HEEHELABOTHRE0cmPANERL S Va 54— OREHEE, 20003EER RO
HEICETHTEERELR - T0H0THD, (16), (U7, (18), 2D, (22), ) L BHEDKE R
V. IEBE2H () TN/ LI, Yad ANk I REEIAT RO SHRERIC L A 2BED
FEEAD £10cm PNT—HT 22 &3, F Y ROFHROBEN Y a5 4 N—OFEOBE & TR UHE 45
DL EERT.

+ 07010
0.006
0.000
- 0.005 AN SN WUUR SN NANU RSN N AN TR NS M N SN U N SR
0° 30° 80° 90° 120° 156° o  180°
a. Latitude
Curves for ¢,=-+10°, 20°, 30°, 60°, 40°, 50° from top downward at a,= 10°.
” »=+60°, 50°, 40°, 30°, 20°, 10° o " at a;=120°.
| 1 1 T T T N I
- ) cos @ -
o %/ﬂ\ ]
0.000
~0.002 HES DN NN NOUUUNS N NN RNUUNS AN SN SNUUS SRS S NN SN S B
0° 30° 60° 90° 120° 180 o« 180°

b. Longitude -
Curves for ¢;=-+60°, 10°, 20°, 30°, 50°, 40° form top downward at a;= 10°.
v ©1=+60°, 50°, 40°, 30°, 20°, 10° ” ” at a;=120°.

Figure 4. Discrepancy between Schreiber and Legendre at the terminals of

the 200-mile geodesic.
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VI o#EIE, KEBONEAC 2200 7 A00% {72 £/ /0 5 53 TN THBETHRATH S0
5, FEMEO1LT B IRREIICIES.

Table 3 Maximum discrepancies* at the terminals of the 200-miles geodesics between
Schreiber (8), modified Schreiber** (8S), Legendre (L) and Helmert (H)

Asomaw dﬁma:g'COSSD

S—L SS-L S—-H SS-H L—-H | S—L SS—-L S-H SS—H L-H

+10° | 070050 070002 070049 070002 070002 070017 070001 Of’OO%g 070002 070002

20 53 3 52 2 1 19 1 2 2
30 56 3 55 3 1 19 1 20 2 1
40 58 4 58 4 1 22 0 22 2 1
50 63 4 63 4 2 22 0 22 2 1
55 "4 3 2 1 1 2
60 106 4 106 3 2 24 3 25 1 4
65 7 4 4 11 1 12
70 0.0856 0.0027 0.0844 0.0017 0.0015 0.0301 0:0054 0.0327 0.0006 0.0058

In most cases, maximum discrepancies occur at different azimuths with each other even for
same latitudes.

** x and ¥ are calculated by eqs. (16), (17), (18), Corrections —4dp(T), —42(I), —dp(Il) in
egs. (21), (22), (23) are applied to eqs. (I), (II), (1), respectively.

5 drg
e 1 L2 sxv 22 opswn

FBlRICELONB L3I, VY% v FAOEBTIRERE n WEL B3I - THEEMNEET 2. Lich-T

d"SD drt 1 drt1 - . . |
o dsn % U i B Tt gerT ERDES LT pLE, FEEMACHALTOTE, LHELR

FLUNEADS OIS 783, ChERD X DI CTTHAE, BOBBMEEPETTE 5.
O I
u=cos a, v=sin @, ¥=cos ¢, y=sin ¢, t=tane¢
L. (JEK T, vYe ¥ FAOKHICE u=(c/s)Veosa, v=(c/s)Vsina, ¥a 34 N—OKHEC
it u=scosa, v=ssina &%, Fil, HEdShE-TVE. BRLEVLIKEFEEEETS.) B),
10$) 5

dngo . V7L+2
dsn v "

n+

= Vcn 2 s iemA(a) B(p)
drtip n n af dA da dB dy
Aot =L {mrpyyrdlnimapryregin( dip BB G A) o
@, G)»os

%= — hz—zz—uxy (25)

B (D, (26)2 COIMARATI (@) DILIEIHE > T

cntl drtle
Fn.H —W W
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2{ MWmm+muAM£}+thvW%B+zmmV%Aig

dA

Z}{ hem*e (3 4-2)uA: tyB} + 2 htmy da tB+ Y Py A= ZB + Z}hz’"*?uArZ dB

hz ‘

IS NG DEDHEIDEDHE DEDHP) (26)
&8, ceTem, A, B, 2m+2, (n+2)ud, xyBERICHIIL, LTk n ROFH, WA n=41551
4001, 4002, 4021, - 4062 EHFITHhE, D(DHRFOERTFriEshs (D, XD, Z
MIEDWTHRMTH 2, L(TM)TE #ikD ADEH (GB1EDE 1B 1 Dawn vl OFERE05,
w%%izmwﬁwﬂ®%&mé.%ﬁbuiA@%ﬁamzﬁﬁmﬁﬁ%ﬁvﬁbén,cn%ﬁw&wmﬂ
LCHET 2. Z(V) B 2D I A2 2T U2 DGR E . K2 4INZ TE6)ERENE, BUQ0) 0
5B,

BEICHOVWTHRERICAD, Aick s

G-y

= (TV>nzhz,nA(a) B(¢) @n
s THALG), (D, @B)EAATHIE

¢ \ntl gnt1)
Gro=(5)"" G

dA dB

= (—h2m*epy AxyB) + Z}hz"lv tB + th’"uA dB o hEmAy At T do
=Z(I)+Z(H)+Z(H)+Z(W) (28)

COREAROEATHIT I, PROADOEIELDL.

P,

Figure 5

452 2 2005 R A & AR OBME
HS Pu(ps, 4D & Polps, 22) R s AT 7 THES (55 D). THORARIGILEL « A% (1967)
KINREROXTENTE 2
'dz-gitan o1 /1= sin’g, sin o,

2 —
1—6‘12—(51—;2) {sec 2g01+ez(coszgol—seczgol)} v1—¢? gin%p, sin a; cos ay -+ 29
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5=370. 4km DBED d DEEF 4 F altRT. VRO ETH M, COEIBEENF L BEREL,
F S SEEICAET 3 & XICERER S bOBEBLICBY ABREIRN3Ikn TH 5.
Pt BOTHEREAMRO I A, PRDEL - AR Q967) Lhid

0:<Lglkl)s+("1_glklkl/ _I_Lo-l’klz)sfl.*_ ...... . (30)
2 2 6
gy = ~m1—sin ¢ sin oy g = ~isin ay oS ag
a ! Coay
k1= sec ¢y, kl"z.—i—tan (1 COS a;

LTI oy FHENET P KB 2B OHE, of 320 s icBId 2 1 KRR, & 3P lcBY 28R,
R 32D sICBET 5 1 IRBBETH 5. s=370.4km DBED 0 DEAEE 4 FbITRT. d LFERRIIC, BRE
TREL, D a=90° DESRKFREL S, DPERLICEY 25EREEK2° Th 2. HERIEASE

ThHoinb, BFN a O EOFAE a1+0 TH 5.

WiT, WHER EMBIROBIEEERY 5. Lo 0 FRNATH 25 SMIBROTGTME o TEMT 5. PP

HOMBRMORS BMIETNS b 53 N— RO ETHS. TIOBMBROBNT dr EFHRICEEL
feR&x d E5hid

dr=dlsec a,

Table 4 Relations between geodesic and loxodrome for s=200 miles.

a. Maximum displacement (d) from geodesic to loxodrome

0° 10° 20° 30° 40° 50° 60° 70° 80° 90° 100° 110° 120° 130° 140° 150° 160° 170° 180°

m m m m m m m m m m m
20° 0 185 363 527 672 793 886 948 979 978 948 891 809 706 585 451 306 156 0
25 0 234 459 668 852 1007 1126 1208 1250 1253 1218 1147 1044 913 759 585 398 201 0
30 0 287 564 821 1048 1240 1389 1491 1546 1551 1510 1424 1298 1137 946 731 497 252 0 .
35 0 347 681 991 1266 1498 1679 1805 1872 1831 1832 1730 1578 1384 1152 890 606 307 0
40 0 414 813 1184 1514 1792 2009 2160 2242 2253 2196 2075 1894 1661 1383 1069 728 369 0
45 0 493 968 1410 1803 2133 2393 2573 2671 2685 2617 2473 2257 1980 1649 1295 868 439 0
50 0 583 1155 1681 2149 2543 2852 3066 3182 3198 3118 2945 2688 2357 1963 1517 1033 523 O

b. Deviation (#) in azimuth from geodesic to loxodrome

0° 10° 20° 30° 40° 50° 60° 70° 80° 90° 100° 110° 120° 130° 140° 150° 160° 170° 180°

20 0.00011022032041049054058060061059055051044037028019010000
25| .00 .14 .28 .41 .52 .62 .69 .74 .77 .78 .75 .71 .65 .57 .47 .37 .00
30| .00 .18 .35 .51 .65 .77 .86 .92 .95 .96 .93 .88 .81 .71 .59 .46 31 16 00
35| .00 .22 .42 .61 .78 .931.04 1.121.16 1.16 1.13 1.07 .98 .86 .71 .55 .38 .19 .00
40| .00 .26 .51 .74 .941.111.251.341.391.391.36 1.28 1.17 1.03 .8 .66 .45 .23 .00
45| .00 .31 .66 .88 1.13 1.33 1.49 1.60 1.65 1.66 1.62 1.52 1.39 1.22 1.01 .78 .53 .27 .00
50 | .00 .37 .731.061.351.59 1.78 1.91 1.99 1.98 1.92 1.81 1.65 1.45 1.20 .93 .63 .32 .00

c. Difference (»—s) between loxodromic and geodetic distances

0° 10° 20° 30° 40° 50° 60° 70° 80° 90° 100° 110° 120° 130° 140° 150° 160° 170° 180°

m m m m m m m m m m m m m m m m m m m
20° o o0 1+ 2 3 3 6 7 7T 7T 6 6 5 4 2 2 1 0 0
25 o 0 2 3 5 7 9 11 1 11 11 9 8 6 4 2 1 0 0
30 0 1 2 &5 8 11 14 16 17 17 16 14 12 9 6 4 2 0 0
35 0 1 4 7 12 17 21 24 25 25 24 21 18 13 9 6 3 1 0
40 0 1 5 11 17 24 30 3¢ 36 37 34 30 2 19 13 8 4 1 0
45 0 2 7 15 25 34 42 49 52 52 49 43 36 27 19 11 5 1 0
50 0 3 10 22 3 49 61 69 74 73 69 61 50 38 26 16 7 2 0
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THBP6, ChE P P 2 THEATHENBHROBRS v BB oh5E. bbb
r=L—1) sec a; (€1))

T b, b BIRER STRICIR - TENEN 01, 02 ETHI - Bl ch 5. AP OHE _IEESL T
CEbisd, FRgilEoEdi L

h—h=a(l1—e) {(1 +%e“‘) (pa—91) H%ezsin (pa—g1)eos(pa—p1) 4o }

ChEGDIMEAR r WEHETE . s=370.4km DFAED r—s DEEFE LR cRT. PROBRETAS
<y Mo a=90° TRAENS. WHR -V 75 Yy RIAMTRS=450EETH > T (r—5)/r=0.051C75 5
P8, hSEZ T s=200 ¥EICKT L T (=) /7 10,0002 iTE L5,

SHIIE T b b s=1218H =22. 224km DIBAIE, ZhLOERELDTHNENL S, o1=+50°, a;=90°
LT, d=12m, §=0°2, r—s=1.6cm ICBETIL.

fHie 3 WMREEHE LB 0ER EoPRR

2 WA ORR &3, TEHED b ORMHREEEEE LW RO TS 0, ChEHHREOR 2 SEOIEH
&5, Uh U HERAr s cig o ifIRE R © o & &icld, BRI Echidic 2 SloRE %4
MAERL, chicRETCENES. [kC SHEL O OEHEHNS, 2 RKOBE " SHBORTETRE
T5. ZOLSHEREEHLIGEOBROKE LOTHED 20 RZOREOREE R, dbsAEKOM
FAORBEHBOPLEFNTTOOTH 24, ChiCEEROBRELN, CEIT2BOTAMSPINLE &
KRR ROMENRE TR THT, INOOREEEHRTRD Z2ABELL TEL, HERSDbYDTY
BTH 5.

BB DHRE Va 23 BHEEEEZL 5. TBOHE Plp, DORLENE Q OB MMEE v,y &3
hig

x=2 ‘ (32)

st £+ ) deene) |

2HIRE Pi(pn, A1), Pal@e, ) DRI ELLER Qi ¥2), Qulde, ¥2) ETHUE, QuiQe DHEE L4813 Q1Q. ©
s
2= xl;xz , Yo= yl-ZFyz
%@b,moxm@mﬁm&9m+mw%%£%)@ﬁ%m¢,#abg
X —Xp |
Y=
EBIFIE, COIREHNHBOHERIR

y—Yo=k(x—1x) B4
CORNEZL 5,913 (32), BN IKL-T o AREHRTE 5. ZOBEE, ¢ KOV TREBKEREZR NS, 4
whb

_(1—esin p\*/?
Ep) (1+esingo) (35)

EBFT GHE
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p=2 tan~(S1) 7 (36)

&%, e FHABEABROETSHS. CCTEDFELHELELTEW) =1 &BHEGOHICE »T e DF 1i#H
oD 212, Chaz@ICEARE 2L E@QMR SN GE)IC X - TH 2E ¢(@2) 2B 5. BITC
NELSDELL o(i—D =) 05 LONE, ThPHED ¢ TH 5. 5013 o) =(01+¢2) /270 5 HF
TRFPHEFL 23, '

Py, P BISLOHISE P (o), ), Py'(py, ) KD Th, ZOMIME Qi (s, 0, Qf(x',5) OFET
413 (34) & FakkiIC

Y=y =k (x—x") @n

LiB. LTI

Y Tt Ay e w —xy
2 » i ) ’ yz,_yl,
ThH3 ZNTING 2RAOHEE_FHORTER QBRI

g T Yt R — R %y
k—Fk

Yo

y=YoFhx—Rxg=yo' +R x—k %y’
ROCHINT 2L LB R @ 0, 21, 0%, y 5 LK~ LF UAETHETS 5.
GO MBEABELOSHMRE, HWELOKRO IR OEMSBR RO, VHIETHEL 24P
P, BRHLHINC BT 5 E 5 THB. 2 ORIGFEMESRD bR NN, ¢ CTRIHOFHICHRE
K (e=0) & 3hid, KL 2 Aot EoER (36) 15

@o#Ztan—{tan<%+%> tan(%+%)]1/zh_g_

TH5 HEOPROEER (p+e)/2 TH B D

Sp=gpo— %g@z

EBGE, PIAE do=g.—g1 & LT 400 ML & O 24 EAR - 140 dp DMEKED £ 31D, T
DR GEEOP RGO R & EHREIC D 2.

¥1 0° 10° 20° 30° 40° 50° 60° 70°

do=400" | 0’3 174 2/5 3'8 55 78 116 19'6
do= 24’ | 00 0”2 0’5 0"7 171 175 2/2 3'5

AXTHNIL DI, ¥a A —OHEEZDEEBXON 9 ROPMHEERICET 2707 508, R
gﬁ®mm%%Eﬁﬁmbt.it»9+?PW®ﬁ&%iU«wxwrwﬁ&mfufﬁAm%@ﬁmﬁﬁ
FREMER L. choD7rarsaitksyaidr =, BEYaF345—, WPy Y Fob, ~NVAME
OHEEE E3E) BEHENET L2 COM, MRECRBEfOMEEH &b, YaFfn—:
HoADHE (28 BLUMBHRE (E4Fc) RRELTHEN . WRICECEH#T 5.
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